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Abstract

The correspondence approach is a powerful technique that permits the usage of standard 

constitutive models from local theory within a peridynamic formulation. However, the 

conventional correspondence formulation suffers from material instability, i.e. zero-energy 

modes, that must be controlled for it to be applied in practice. The recently-introduced 

correspondence reformulation based on the use of a bond-associated deformation gradient can

inherently remove the material instability. In this paper, we show how the bond-associated 

correspondence model satisfies the requirement for material stability. The convergence behavior

is also examined. The accuracy of this approach is further demonstrated by comparing model 

predictions against local reference solutions and results from the conventional correspondence 

model with penalty stabilization for both two-dimensional and three-dimensional problems.
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1. Introduction

Among the variety of peridynamic formulations in the literature, the correspondence material 

model (also known as the non-ordinary state-based model) is especially attractive due to its 

ability to incorporate any constitutive relationship from local theory [1]. However, the 

conventional correspondence material model suffers from some practical difficulties, such as 

non-invertibility [2]. This non-invertibility can be understood as the existence of many possible 

deformation states within a material point’s family that result in the same force state for a bond. 

As a consequence, there could be many possible deformation states of the entire body under a 

given loading that satisfy the equilibrium conditions. This has the practical effect of introducing

zero-energy modes of deformation to the model that need to be suppressed.

To take advantage of the correspondence model for nonlinear deformation in fracture modeling, 

there is a strong need for effective zero-energy control schemes. Recently, Chen [3] proposed an 

alternative correspondence formulation based on the concept of bond-associated deformation 

gradient. In contrast to the conventional formulation, the deformation gradient and force state are 

computed specifically associated with each individual bond in the proposed approach. This 

bond-associated deformation gradient, which is formulated using deformation states within the 

bond’s proximity rather than the whole family, can better capture the deformation of each 

individual bond, and inherently removes material instability in the conventional correspondence 

material model.

In this work, the material stability of the bond-associated correspondence formulation is 

characterized. Numerical examples are employed to demonstrate the accuracy of the bond-



associated correspondence model. The remainder of this paper is organized as follows: Section 2 

presents an extensive review of methods available in the literature for zero-energy mode control

for the conventional correspondence model. Section 3 provides a review on the bond-associated 

correspondence formulation proposed by Chen [3]. Stability of the bond-associated formulation

is characterized in Section 4. In Section 5, numerical studies including two-dimensional and 

three-dimensional examples are presented to examine the convergence behavior and accuracy of 

this approach. The predictions using the bond-associated correspondence formulation are 

compared with results from the conventional formulation using the penalty force control scheme

and finite element reference solutions. Discussions and conclusions are made in Section 6.

2. Survey of stabilization schemes

As previously mentioned, a particularly useful aspect of the peridynamic correspondence model 

is its capability to adopt any constitutive relationship from local theory. However, the tendency 

of this model to exhibit oscillation in solutions induced by zero-energy modes has impeded its 

widespread adoption. Various remedies for zero-energy mode control are available in the 

literature, and these methods can be categorized into two major groups: fictitious spring-force 

based methods [4], [5], [6], [7], and stabilized field state based methods [2], [8], [9], [10], [11]. 

For methods in both groups, a fictitious force state is introduced in the net force state at a 

material point. With the addition of this fictitious force state ZEMT , the net force state at X has 

the form

   1, ,ZEMt t    T X ξ ξ P K ξ T X ξ (1)

Several alternative techniques for computing this fictitious force state are summarized below:

Method I - Stretch based linear local bond force [7]. In this method, background bonds are 

included to introduce an additional spring-like interaction to the correspondence force state as
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where IC is a control parameter having a small value, typically on the order of 0.01, and c is the 

micromodulus in the bond-based peridynamic model.

Method II - Average displacement state based linear nonlocal bond force [6]. A force term 

based on the average displacement over all the material points in the horizon is added to the 

correspondence force state as

 ZEM II H
C dV  

x
xT X ξ ξ η (3)

where IIC can have the same value as the control parameter in Method I. 

Method III - Corrected deformation based linear nonlocal bond force [5]. Similar to the 

technique widely used to suppress the so-called zero-energy hourglass modes of deformation in 

classical finite element analysis [12], an additional penalty force term is added to the 

correspondence force state. This penalty force is proportional to the difference between the 

actual position of a material point in the current (deformed) configuration and the position 

predicted by the deformation gradient.
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where IIIC is an hourglass force constant, which was set to 0.015 in Ref. [4], and K is the 

material’s bulk modulus.

In the above fictitious spring-like force methods, a common feature is the use of a stabilization 

control parameter that is dependent on the material constants and needs to be adjusted properly 

when nonlinear constitutive models are considered. This adjustment process is not 

straightforward and calibration of this control parameter is potentially time-consuming [6]. More 



importantly, these methods do not resolve the fundamental problem in the correspondence 

formulation that leads to these zero-energy modes.

Method IV - Stabilized deformation gradient based force state [9]. A stabilized deformation 

gradient is constructed from a weighted average of the displacements within a family as

 
H
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Xu X ξ u (5)

The stabilized force state is formulated based on the stabilized deformation gradient. According 

to the authors, this approach suffers from oscillations in strain and stress fields [9].

Method V - Bond-stretch informed strain tensor based force state [10]. Bond strain measures 

are used to construct peridynamic strain measures as

m mH
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x
xE ξ ξ H (6)
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consists of bond strain measures inspired by the Seth-Hill strain measures, and 
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is a shape state tensor. 

It has been shown analytically that the proposed strain measures can be used to avoid unphysical 

deformation modes, such as subdomain material collapse, in the correspondence material model. 

However, for practical problems, it is difficult, if not impossible, to formulate work-conjugate 

stresses from the derived strain measures, and thus the force state between a pair of interacting 

material points. The authors are not aware of any work reported based on this approach in the

literature thus far.



Method VI – Higher-order deformation gradient based force state [11]. In this method, special 

weight functions for different types of neighboring material points are chosen such that the error 

in the Taylor expansion of the deformation gradient becomes smaller. Numerically, this is 

equivalent to introducing higher order deformation gradients. However, these specially designed 

weighting functions are spatial discretization and horizon size specific, i.e., changing the 

discretization or horizon size requires recalculation of these weighting functions. Moreover, 

oscillations still exist in the strain and stress fields obtained using this approach [11].

Method VII - Non-uniform deformation state based force state [2], [8]. Based on linearized 

bond-based peridynamic theory and minimum potential energy principle, the force state resulting 

from the non-uniform part of the deformation state is
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where the elastic coefficient tensor is

3

c 


ξ ξ
C ξ

ξ
(10)

with c being the micromodulus in bond-based peridynamic model, and non-uniform 

deformation state

  Z ξ Y ξ F X ξ (11)

The stabilization scheme proposed by Silling [2] is a special case of Eq. (9) as

    1
ZEM H
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X
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where  ξ is the prescribed positive-valued weight function, and a possible value is [2]

0
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and 

0 H
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X
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All of these zero-energy control schemes share the common feature of introduction of an 

additional force state. None of these schemes inherently address the source of the material 

instability in the correspondence formulation. Even with these stabilization schemes, the

application of the correspondence model is still limited due to issues brought up by the additional 

force state and regularity requirement on the spatial discretization. There is a strong need for an 

effective zero-energy mode control scheme that inherently avoids the material instability in the 

conventional correspondence material model.

3. Bond-associated correspondence formulation

In a departure from the stabilization scheme discussed in Section 2, Chen [3] recently proposed 

bond-associated deformation gradients to inherently stabilize the conventional correspondence 

material model without introducing any additional force state. A brief summary of the bond-

associated correspondence formulation is given in this section.

3.1. Bond-associated deformation gradient

For a bond ξ , there exist an infinite number of mappings that transform the relative position 

vector state X ξ in the reference configuration to the relative position vector state Y ξ in the 

current configuration. One possible mapping connecting the two states can be written as:

 ξY ξ F X ξ (15)

where ξF is the deformation gradient for bond ξ connecting material point X and its 

neighboring material point X .



It’s clear that the deformation gradient ξF defined in Eq. (15) can accurately represent the 

deformation of bond ξ . However, forming this full deformation gradient is problematic because 

it has more components than there are constraints for a bond. One way to introduce more 

constraints but not change the solution such that the mapped deformation of bond ξ differs 

significantly from the actual solution is to include neighboring deformation states. This can be 

achieved by using an additional local bond-associated horizon h X defined at material point X as 

shown in Figure 1. The set of material points within this horizon that are neighbors of material 

point X is used to approximate a bond-associated deformation gradient for bond ξ at material 

point X . The same approach is applied to bond ξ at material point X . This approximated 

bond-associated deformation gradient is more representative of the deformation experienced by 

each individual bond than the deformation gradient at each material point based on all the 

deformation states within the horizon as used in the conventional peridynamic correspondence 

model, since only the deformation states adjacent to this bond are used in the bond-associated 

deformation gradient approximation.



Figure 1. Configuration for bond-associated deformation gradient approximation

Following the same weighted least squares procedure for the material point deformation gradient

[3], but using a different integration domain: H h X X rather than H X , the bond-associated

deformation gradient for bond ξ at material point X can be readily obtained as

   
1
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Where bK is the bond-associated shape tensor, defined as

b

H h
dV





 

X X
XK ξ X ξ X ξ (17)

It is noteworthy that the derived bond-associated deformation gradient for each individual bond 

recovers the conventional peridynamic deformation gradient at each material point when the 

bond-associated horizon size is chosen such that the integration domain is the material point’s 

horizon. In addition, the bond-associated deformation gradient approaches the conventional

deformation gradient when the bond approaches an infinitesimal length.



3.2. Bond-associated force state

For the case of the bond-associated deformation gradient, the corresponding force state can be 

derived following the same procedure outlined in Ref. [1]. At a material point, the bond-

associated strain energy density function change  bW Y Y due to an increment Y within its 

proximity can be determined as

   b b

H h
W dV


 

  
X X

Y XY T Y Y (18)

where  bT Y is the bond-associated force state.

A good approximation of the bond-associated strain energy density from the strain energy 

density at a material point based on the volume fraction is
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The incremental change in the bond-associated deformation gradient
b

 YF is evaluated as
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The bond-associated first Piola-Kirchhoff stress tensor is
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Finally, the bond-associated force state  ,b tT X ξ can be obtained as
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The conventional correspondence formulation is exactly recovered when the bond-associated 

horizon size is chosen such that the integration domain for the bond-associated deformation 

gradient is the same as the conventional deformation gradient at a material point.

Given Eq. (22), the motion of a material point X is governed by following equation

              , , , , , , 0,b b

H
t t t dV t t T         

X
XX u X T X X X T X X X b X X (23)

where   X is mass density,  , tu X is the displacement vector, and  , tb X is external force 

density vector.

4. Stability of the bond-associated correspondence material model

As was proposed by Silling in Ref. [2], a sufficient stability condition for the conventional

peridynamic correspondence material model is

0d d T Y� for all admissible dY (24)

Following the same energy minimization presented in Ref. [2], the stability condition for the 

bond-associated correspondence material model can be expressed as
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In the derivation of the above stability condition for the bond-associated correspondence model, 

the relationship between bond-associated strain energy density and strain energy density at a 

material point given by Eq. (19) for is used. At the limit when the bond-associated horizon h X is 

chosen to be large enough such that the bond-associated correspondence formulation recovers 

the conventional correspondence formulation, i.e. 2h H X X for regular spatial discretization, 

Eq.(25) becomes Eq.(24).



Each term in the bond-associated formulation in Eq.(25) can be connected to its underlying local 

material model via the following relationship
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At a material point, based on the definition of the bond-associated deformation gradient and the 

configuration of bond-associated horizon, it is possible that there exists an incremental 

deformation state dY such that , d d H h       X Xξ Y ξ ξ Y ξ ξ , which results in 

0bd F for some bond-associated correspondence formulation. However, there will always 

exist at least one bond-associated correspondence formulation at a material point for which this 

incremental deformation state dY results in a nonzero bond-associated deformation gradient, i.e.

0bd F . Therefore, at each material point, it is guaranteed that Eq.(25) is valid. Thus, the bond-

associated peridynamic correspondence material model is stable.



Figure 2. Schematic showing configurations for conventional and bond-associated 
deformation gradients using regular uniform spatial discretization

To further demonstrate material instability in conventional correspondence model and material 

stability in bond-associated correspondence model, it is instructive to consider the deformation 

of a set of points in a horizon shown in Figure 2. Consider a deformation scenario in which an 

arbitrary displacement u is applied to the material point with index (3, 3), and u is applied to 

the material point with index (7, 7), while fixing all other material points. Under this 

configuration, the conventional deformation gradient for material point with index (5, 5) can be 

calculated using Eqs. (16) and (17) but with integration domain (5,5)H as
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Thus, symmetric deformation at symmetric material points with respect to the reference material 

point in a regular uniform spatial discretization will not result in a change of the deformation 

gradient in conventional correspondence material model because the effects of the deformation 

of the two material points are cancelled out. As a result, there is no change in strain energy under

this deformation.

However, for the bond-associated formulation under this configuration, all bond-associated 

deformation gradients for reference material point with index (5, 5) will be non-unity. For 

example, the bond-associated deformation gradient 
   5,5 7 ,7ξF due to the same deformation can be 

calculated as
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The same calculation shown in Eq. (28) can be applied to all other bonds associated with 

material point with index (5, 5). In the bond-associated formulation, the same deformation that 

resulted in zero strain energy in the conventional formulation changes the bond-associated 

deformation gradients, and hence results in a nonzero strain energy.

From the above demonstration, it is clear that this symmetric deformation will have an effect on 

the bond-associated deformation gradients. Force states resulting from these deformation 



gradients will be activated to balance the deformation. Therefore, in contrast to the conventional 

correspondence model, no zero-energy modes exist in the bond-associated correspondence 

material model. 

The way that the bond-associated deformation gradient formulation removes zero-energy modes 

in the peridynamic correspondence material model is analogous to the way that full integration 

stabilizes continuum finite elements, which require stabilization when integrated with a single 

point rule [12]. This analogy is illustrated for a 4-node quadrilateral finite element in Figure 3.

For the case of 1-point integration, a symmetric deformation such as the one applied in Figure 3

does not affect the deformation gradient when evaluated at the center of the finite element, and 

results in zero change in the strain energy. The root cause for this zero energy behavior under 

symmetric deformation is essentially the same as that in the conventional peridynamic 

correspondence material model. When a full integration scheme is used for the finite element, as 

shown in Figure 3(b), deformation in these symmetric “hourglass” modes will result in a nonzero 

deformation gradient at all integration points, which effectively eliminates zero-energy modes. 

Because the bond-associated deformation gradient for the peridynamic correspondence material 

model is evaluated independently for each bond, it is analogous to using full integration in finite 

elements. It results in nonzero strain energy under the hourglass deformation modes that cause 

instabilities in both under-integrated FEM and the conventional peridynamic correspondence 

model. It should be noted that although a regular discretization is used for both the FEM and 

peridynamic models in this demonstration, the same principles apply for non-uniform 

discretizations, where instabilities are observed without stabilization for both methods.



(a). Comparison between 1-point integration in FEM and conventional nodal deformation 
gradient calculation in the conventional correspondence model under the same symmetric 
“hourglass” deformation mode. (Both methods have zero strain energy under this mode.)

(b). Comparison between 4-point integration in FEM and the bond-associated deformation 
gradient calculation in peridynamics under the same symmetric “hourglass” deformation

mode. (Both methods have nonzero strain energy in this case.)
Figure 3. Illustration of the similarity of the root cause of zero-energy modes in 4-node 

quadrilateral element in FEM and peridynamic correspondence model using regular spatial 

discretization (x: integration point, —: undeformed shape or bond, ---: deformed shape or 

bond)

5. Numerical examples

Several examples are studied in this section to further demonstrate the stability and accuracy of 

the bond-associated correspondence formulation for the simulation of both deformation and 

fracture. First, a clamped rectangular plate under a point force loading is modeled to demonstrate 



the stability and convergence behavior of the bond-associated formulation. Next, detailed 

comparisons of various deformation measures are made for a three-dimensional rectangular plate 

with a pre-exiting notch under tensile loading. Finally, the capability of the bond-associated

formulation for modeling crack propagation is demonstrated using a two-dimensional rectangular 

plate with a pre-existing sharp center crack under quasi-static uniaxial tensile loading. For all

examples in this section, the same material properties are used: Young’s modulus 210E  GPa

and Poisson’s ratio 0.3v  . In all cases, the size of the bond-associated horizon is set to be the 

same as the size of material point horizon.

Example I: Convergence study using 2D clamped rectangular plate subject to point load

It is well known that peridynamic formulations are non-local and include a length scale

determined by the horizon size δ. The peridynamic solution of a problem without spatial 

singularities approaches the classical local solution as the horizon size δ tends to zero while

either keeping the ratio of material point spacing to horizon size m fixed or increasing it at a rate

lower than the rate at which δ decreases. On the other hand, for a fixed horizon size δ, as m

increases, i.e., the domain discretization is refined, the peridynamic model converges to a 

nonlocal solution for that horizon size. This non-local solution differs from the classical local

solution.

In this example, a clamped rectangular plate subject to a point bending load is utilized to study 

both the δ-convergence and m-convergence behavior of the bond-associated correspondence 

formulation. A schematic showing the geometry and loading applied to this plate is shown in

Figure 4. Plane strain conditions are assumed in this model. The point force P has a value of 100 

kN. The displacement yU , strain yyE and stress yyS plotted along the neutral axis, denoted as 



“axis_1” in Figure 4, are compared for the bond-associated correspondence formulation and a 

FEM reference solution.

Figure 4. Schematic showing geometry and configuration of a two-dimensional plate

Before investigating convergence characteristics of the peridynamic bond-associated

formulation, it is useful to demonstrate the effectiveness of this technique for stabilization on this 

problem. This problem was run both using a conventional correspondence model without 

stabilization and the bond-associated correspondence model for comparison. The distributions of 

displacement UY computed using the two approaches are shown in Figure 5. The horizon size is 

δ = 1.5 mm and m = 3. As can be seen, severe oscillations are present in the conventional model 

prediction, while the bond-associated formulation provides smooth solutions as expected.



Figure 5. Comparison of displacement distribution prediction between conventional (top) and
bond-associated (bottom) correspondence models. (To aid in the comparison of these results, 

the same color scale is used for both models.)

To study δ-convergence, the value of m is fixed at 3.0. Three values of the horizon size δ are 

used: 3 mm, 1.5 mm and 0.75 mm. A comparison of selected quantities of interest plotted along 

the neutral axis for these cases is given in Figure 6. It is evident that as the horizon size δ

decreases while keeping the material point spacing factor m fixed, the peridynamic solution 

converges to the local FEM solution. This is consistent with the convergence behavior of 

nonlocal peridynamic theory. A horizon size δ = 3.0 mm appears sufficient to accurately capture

the deformation of the plate used in this study.



Figure 6. δ-convergence study using two-dimensional plate under point loading

To study m-convergence, the horizon size δ is fixed at 3 mm and m is varied from 3.0 to 5.0. 

Results for this case are shown in Figure 7, and indicate that the peridynamic solution for m = 3.0

best represents the local solution. Increasing m causes the nonlocal peridynamic solutions to

begin to differ noticeably from the local solution.



Figure 7. m-convergence study using two-dimensional plate under point loading

Example II: Deformation of 3D plate with rectangular notch subject to tension

The next example is designed to further demonstrate the stabilization provided by the bond-

associated formulation by comparing it with stabilization method I discussed in Section 2 for 

cases when localized deformation exists. A three-dimensional rectangular plate with a notch in 

the center is clamped at one end and pulled at the other end with an applied displacement 

boundary condition. The configuration of the mid-plane of the plate is shown in Figure 8. The 

out-of-plane thickness of the plate is 10 mm. The applied displacement has a value of 0.4 mm.



Figure 8. Schematic showing geometry and configuration of the mid-plane of three-
dimensional rectangular plate with a center notch

A regular uniform spatial discretization is used with mesh spacing of 0.5x  mm in all 

directions, which results in a total of 316,800 material points. Comparisons are made between 

the conventional correspondence model with stabilization method I [7] (denoted as SCI) 

described in Section 2 and the bond-associated correspondence model (denoted as BAC). Results 

are also shown for a FEM reference solution.

Comparisons of results plotted along axis_1 and axis_2 on the mid-plane are shown in Figure 9. 

As can be seen, all of the results from the bond-associated correspondence formulation match

quite well with local reference solutions. On the other hand, the SCI formulation shows similar 

trends but with values that differ significantly from the reference FEM and BAC solutions.



Figure 9. Comparison of quantities of interest for various peridynamic stabilization schemes and 
FEM reference solution plotted along axis_1 and axis_2 for three-dimensional analysis of center-

notched plate

This example demonstrates that the bond-associated correspondence formulation very closely 

matches a FEM reference solution. It is far more accurate in terms of predicted displacements, 

strains and stresses for three-dimensional analyses than the other peridynamic stabilization

method it was compared against.

Example III: Fracture propagation in 2D plate with pre-existing crack under uniaxial tension

Finally, a two-dimensional fracture example is studied to demonstrate the capability of the bond-

associated formulation to model fracture propagation. A rectangular plate shown in Figure 10

with a pre-existing center crack is subjected to uniaxial tension loading. Plane stress conditions 



are assumed. A pre-existing sharp crack is represented by removing connecting bonds between 

material points on each side of the crack surfaces. For simplicity, fracture is assumed to occur 

when a critical bond stretch criterion is reached, with a critical value of 0.002. This problem was 

designed to compare to a three-dimensional model in Ref. [2], although a two-dimensional 

representation is used here.

Figure 10. Schematic showing geometry and configuration of a two-dimensional plate

As has been discussed in Ref. [3], the requirement on the minimum number of neighbors should 

be satisfied to have an invertible, i.e., non-singular, shape tensor and deformation gradient in the

bond-associated correspondence model. This also applies to the conventional correspondence 

model. For deformation analyses without fracture, this requirement can always be met by 

assigning large horizons, both H X and h X ,  at the beginning of simulation. For fracture 

modeling, since the horizon sizes should be kept unchanged during the whole simulation, the 

previously satisfied requirement on the minimum number of neighbors may no longer be 

satisfied when bond breakage occurs for certain material points. As a result, the shape tensor and 

deformation gradient may become singular due to this neighbor insufficiency. This scenario is 

handled in the present work by setting both the shape tensor and bond-associated deformation 

gradient to the unit tensor when both tensors become singular. With a unit shape tensor and 

bond-associated deformation gradient, the force state for the corresponding bond becomes zero. 



This process essentially treats bonds having a singular bond-associated shape tensor and 

deformation gradient as being broken in fracture simulations.

It should be noted that since an implicit solution scheme is used throughout this study, the 

simulation cannot proceed further whenever the Jacobian matrix becomes singular due to the 

formation of rigid-body modes for material points that are not sufficiently constrained because 

most of their bonds have failed. This example was run until that occurred, at which time the 

simulation was terminated.

The damage patterns are shown in Figure 11 at two different simulation time steps to show the 

paths of crack propagation. As can be seen from Figure 11, the simulated crack paths are 

qualitatively consistent with expected behavior for Mode-I loading. The finite width of the 

damage zone is due to the nonlocality of the proposed formulation. This differs from the results 

shown in Ref. [2], because a control parameter for the localization width was used in that work.

Intermediate step

Final step

Figure 11. Damage patterns for two-dimensional plate with center crack



5. Discussion and conclusion

A peridynamic bond-associated correspondence formulation can be used to remove material 

instability, i.e. existence of zero-energy modes, in the conventional correspondence model

without the use of external stabilization. A bond-associated deformation gradient is 

approximated using deformation states within each individual bond’s proximity. Material 

stability of the bond-associated correspondence formulation was analytically characterized. Good 

convergence behavior of the bond-associated correspondence formulation was demonstrated

using a two-dimensional model. Detailed comparisons of several quantities of interest with 

results from another stabilization method using a three-dimensional plate with a center notch

further established the favorable characteristics of the bond-associated correspondence 

formulation. Finally, the capability of the bond-associated correspondence formulation for

fracture propagation was demonstrated using a two-dimensional pre-cracked plate example.

For fracture modeling using a simple critical bond stretch criterion in the bond-associated 

formulation, due to the formulation of the bond-associated deformation gradient and force state, 

any bond breakage will change the energy at corresponding material points. This is different 

from the conventional correspondence formulation, in which the usage of critical bond stretch 

criterion is arguably consistent since certain bond breakage will not change the energy at a 

material point due to the formulation of deformation gradient at material points, which is similar 

to the existence of zero-energy modes in conventional correspondence model. The determination 

of an appropriate critical bond stretch value for the bond-associated correspondence formulation 

requires additional study.
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